Introduction
Surfaces in an Euclidean 3-space studied by the theory of integrable Systems are usually described äs immersions of R 2 or of some domain in R 2
(1) F:R 2 -> R 3 .
The list includes surfaces with constant negative Gaussian and mean curvature and some others (see the survey [2] ). In this case R 2 is treated äs a space-time of the corresponding integrable System. One can describe topological planes, cylinders and tori in this way. To study surfaces of more complicated topology one should deal with immersions (2) F:^-*R 3 ,
where ^? is some Riemann surface. The traditional theory of integrable Systems needs essential improvements to be applied to this case and up to now there exists no real progress.
This paper is part of our general program on the discretization of surfaces described by integrable Systems. By such a surface we mean a map (3) F:
where G is some graph, which is treated äs a discrete space-time of the corresponding discrete integrable system. When the size of the edges tends to zero such a surface approximates a corresponding smooth surface (2) . The case closest to (1) (4) F:/ 2 ->R 3 is relatively well understood. In [3] , [4] the discrete surfaces (1) with constant Gaussian and mean curvature were defined and their geometrical properties were investigated (for the loop group factorization Interpretation of these surfaces see [10] ). We hope that the integrable discretization (3) may become a method to understand the structure of its corresponding smooth limit (2) . Besides this, the elementary geometry of the case (4) itself is very nice and worth studying.
The present paper was initiated by the recent preprint of J. Cieslinski, P. Goldstein and A. Sym [7] . These authors, based on classical results of P. Calapso [6] and W. Blaschke [1] , give a characterization of isothermic surfaces äs "soliton surfaces" by introducing a spectral parameter. The geometrical meaning of this spectral parameter was clarified in [5] , where it was shown how pairs of isothermic surfaces are given by curved flats in a pseudo-Riemannian Symmetrie space and vice versa.
Here, using the spinor representation of 5*0(4,1), in Section 3 we rewrite the zerocurvature representation for the associated family of isothermic surfaces in terms of 2 2 matrices with quaternionic coefficients. A natural discretization of this representation yields the following definition of discrete isothermic surfaces. Geometrical properties of discrete isothermic surfaces äs well äs the analytical description of the corresponding associated family are studied in Sections 4, 5. In Section 7 we define discrete isothermic minimal surfaces, derive a Weierstrass type representation for them and construct some simple examples.
Isothermic surfaces and their properties
Let ^ be a smooth surface in a 3-dimensional Euclidean space and F(x,y) F=(F 19 F 2 ,F 3 ):!X-+R 3 9 a conformal parametrization of !F (6) <F"F,> = <F,,F,> = *", (F x ,F y y = Q.
Here the brackets denote the scalar product
and F x and F y are the partial derivatives dF/dx and dF/dy. with respect to the induced metric (9) then the parametrization is called isothermic. In this case k l and k 2 are the principal curvatures and the preimages of the curvature lines are the lines χ = const and y = const in the parameter domain.
Definition 2. Surfaces which admit isothermic coordinates are called isothermic.
Surfaces of revolution, quadrics and constant mean curvature surfaces without umbilics are examples of isothermic surfaces. We consider isothermic immersions, i.e. suppose that u(x, y) is finite.
Due to (6, 7) the moving frame satisfies the following Gauss-Weingarten equations:
The compatibility conditions of this System are the Gauss-Codazzi equations
Our goal is to find a proper discrete version of isothermic surfaces. Let us mention two important geometrical properties of isothermic surfaces which we want to retain in the discrete case. 
Property l (M bius invariance

Remark. F** = F.
To discretize isothermic surfaces (see Sect. 5) and for investigation by analytical methods it is more convenient to use 2x2 matrices instead of 3 χ 3 matrices (10), therefore first we rewrite equations (10) for the moving frame in terms of quaternions.
Let us denote the algebra of quaternions by H, the multiplicative quaternion group by H^ = H\{0} and the Standard basis of H by {l, i, j, k}, (15) ij = k, jk = i, ki=j.
Using the Standard matrix representation of H the Pauli matrices σ χ are related to this basis s follows:
We identify 3-dimensional Euclidean space with the space of imaginary quaternions Im H
The scalar product of vectors in terms of matrices is then
We also denote by F and 7V the matrices obtained in this way from the vectors F and 7V.
Let us take a unitary quaternion (19) φ £Η*> det# = l, which transforms the basis i, j, k into the basis F x , F y , 7V:
Α simple calculation proves the following form of the Gauss-Weingarten System.
Theorem 1. The moving frame F x , F y9 N of an isothermic surface is described by the formulas (20), where the unitary quaternion Φ satisfies the equations
with A, B of the form
The compatibility condition of (21)
is the Gauss-Codazzi System (11).
Lax representation for smooth isothermic surfaces
To put a class of surfaces into frames of the theory of integrable equations one should "insert" a spectral parameter λ into the Gauss-Codazzi system Geometrically λ describes some deformation of surfaces preserving their properties (one can find many examples in [2] ). In some sense, the case of isothermic surfaces is more complicated. A characterization of isothermic surfaces s "soliton surfaces" by introducing a spectral parameter was given in a short note by J. Cieslinski, P. Goldstein and A. Sym [7] . They described a Lax pair with coefficients in so (4,1). The Lax representation (24), (25) we present below results by using a 4-dimensional spinor representation of s o (4, 1) (see, for example, the Appendix in [8] ). By direct calculation one can check the following Statement: Whereas for λ = 0 the system (24), (25) is just a doubled Gauss-Weingarten system (21), (22), the geometrical meaning of the Lax representation with λ Φ 0 is more complicated, and we do not discuss it in this paper. For this Interpretation we refer to the recent preprint [5] by F. Burstall, U. Hertrich-Jeromin, F. Pedit and U. Pinkall, where they showed how pairs of isothermic surfaces are given by curved flats in a pseudo-Riemannian Symmetrie space and vice versa. 
Discrete isothermic surfaces
To define discrete isothermic surfaces we need a notion of a cross-ratio of a quadrilateral (X 19 X 29 X 3 ,X 4 ) in 3-dimensional Euclidean space. One can easily extend the notion of the cross-ratio of complex numbers to points in R 3 identifying a sphere 2 ) S, passing through X i9 X 2 , X$, X 4 with the Riemann sphere CP 1 .
It turns out that there is a nice quaternionic description of the cross-ratio if one uses the isomorphism (17). We usually will just speak of the "cross-ratio q e C". One has to keep in mind that q is only well defined up to complex conjugation. Denoting the quaternions corresponding to the vector-edges s in Fig. l Up to terms of order Ο (ε 3 ) the vertices F l9 F 2 , F 3 , F 4 of the infinitesimal quadrilateral coincide with F(x -ε,γ-ε), F(x + z,y -ε), F(x 4-ε, >> + β), F(x -ε, ;> + ε) respectively. The following remark is trivial : Remark. More generally discrete isothermic surfaces can be defined by the property that Q nm is a product of two factors where a" does not depend on m and ß m not on n. This condition is reformulated in another way in Definition l . Mostly we restrict ourself in this paper to the simplest Symmetrie case (34). for the edges of the dual quadrilateral. Combining (37) with (38) one gets The cross-ratios of the corresponding quadrilaterals of F and F* coincide (40)
Theorem 4. Conformal and isothermic immersions F are characterized in terms of infinitesimal quadrilateral s follows:
(1) Q(F E ) = -/+ O(e) o F w conformal,(2)
Lemma l implies
Lax representation for discrete isothermic surfaces
Definition 6 of discrete isothermic surfaces is geometrically motivated and looks natural. In this section we explain how it was found. Namely, we discretize the Lax representation (24), (25) in a natural way preserving all its symmetries and show how Definition 6 appears in this approach.
An integrable discretization of the System (24), (25) looks s follows. To each point (n, m) of the /Mattice one associates a matrix Ψ η m . These matrices at two neighbouring vertices are related by 
With the notation (49) implies
No w note that the zeros of both sides of (49) (considered s functions of λ) should coincide. This implies
We suppose that the zeros of u n tOT + 1 (A) and w w>m (/l) coincide. This is equivalent to 
The surface F* m in (51) is its dual (39).
Proof. Formula (51) implies for the edges Substituting these identities into (60) and using (45) and the obvious relations we see that (46) follows from (53). In the same way, using one shows that (52), (54) imply (47), (48).
Construction of discrete isothermic surfaces
The discrete isothermic surfaces can be constructed in the same way s the discrete K-surfaces we discussed in our paper [3] .
Using the definition of discrete isothermic surfaces and starting with some initial stairway loop one can recursively determine the coordinates F" tin of all the points of the discrete isothermic surface in a unique way (see Fig. 6 ).
n + l,m -l Indeed, given the points F n>m , F n + l m ,F n + 1 m + 1 the cross-ratio (34) uniquely determines the point F nttn + i .
To construct the discrete isothermic surface in the sense of the generalized Definition l one should Start with an initial stairway strip s shown in Fig.6(b) . The factorization property (35) of the cross-ratio allows us to calculate all a n , m up to a common factor and, s a corollary, the cross-ratios of all the quadrilaterals of the discrete isothermic surface F: I 2 -> IR 3 . After that one can proceed s before in Fig. 6 (a) reconstructing the surface step by step.
As in the case of a discrete K-surface, one can construct by this elementary method various cylinders and some other interesting surfaces. We should mention here also, that the evolution of the stairway loops described above is unstable. A small Variation of the initial loop yields dramatic changes of the surface. This simple geometrical method does not allow us to control the global behaviour of the surface (for example to control the periodicity of the evolution of the initial stairway loop) and to construct compact discrete isothermic surfaces.
To construct them one should apply methods from the theory of integrable equations, which are based on an analytic solution of the problem (and are described for the case of the discrete K-surface in [3] ). But this could be the subject of a future paper.
Discrete isothermic minimal surfaces
One can define and study special classes of discrete isothermic surfaces. A mean curvature H for discrete isothermic surfaces has been defined in [4] , where discrete isothermic surfaces with constant mean curvature were studied. Here we present some results about the discrete isothermic minimal surfaces 3 ), which correspond to the special case H = 0. where N n%m is a normal vector to ^> m (see Fig. 7 ). Proof. Since the formulas (36) for the n-and m-edges of a dual surface differ by a sign, we introduce 4 vectors
3 ) The results of this section were obtained earlier and presented by the authors on Conferences (Granada, Oberwolfach) in 1991.
with the basic point at the vertex F nm . Then all the endpoints of these vectors lie in a plane ^M and A nm is the distance between these two planes (Fig. 8) . If we identify (which is obviously discrete holomorphic) generates the discrete Enneper surface (Fig. 9) . The discrete exponential map , α -2π/Ν, where ρ = 2 arcsinh l sin -), generates the discrete catenoid (Fig. 10) . 
